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Abstract

The focus of this thesis is to review the three basic penalty estimators,
namely, ridge regression estimator, LASSO, and elastic net estimator in the
light of the deficiencies of least-squares estimator. Ill-conditioned design ma-
trix is the major source of problem in this case. To overcome this problem,
ridge regression was developed, and it opened the door for penalty estima-
tors. Its impact is visible with various linear and non-linear models. A
superb discovery in the class of subset selection is the LASSO (Least Abso-
lute Shrinkage and Selection Operator) which selects subsets and estimates
the coefficients simultaneously. Finally, we consider the elastic net penalty
estimator which combine the L1 and L2 penalty function. Resulting estimator
is weighted LASSO by ridge factor. We obtain the L2-risk expressions and
compare with pre-test and Stein-type estimators. For the location model,
we discovered that the naive elastic net is better than elastic net estimators
as opposed to the conclusion in the current literature. On the other hand
in case of regression model, the elastic net performs reasonably compared to
LASSO and ridge regression.

Keywords: risk function, efficiency, lasso, penalty estimator, ridge esti-
mator, pre-test and Stein-type estimators, elastic net estimator, tuning pa-
rameter.
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Chapter 1

INTRODUCTION

The history of estimation method has kept on advancing through the years
beginning with Gauss (1795) who proposed the basic “Least-squares” method-
ology published by Adrine-Marie Legendre (1805). Next, R.A Fisher (1922)
introduced the method of maximum likelihood and included variety of prop-
erties such as consistency, sufficiency, efficiency and information.

Stein (1961) put forward a fundamental result which states: Stein es-
timator of mean vector of a multivariate normal distribution of dimension
three or more, dominates the maximum likelihood estimator which was ex-
panded by Efron (1973) by means of the empirical Bayes method. Later,
Saleh and Sen (1978 - 1987) expanded Stein’s idea to embrace rank-based
theory of statistics contributing to the area of “robust methodology”. An-
other notable methodology is the “ridge regression” put forward by Hoerl
and Kennard (1970) that opened the door for “penalty estimation”. Impact
of penalty estimators is now visible in data analysis with regression models.
A superb discovery in this class of estimators is the LASSO (Least Absolute
Shrinkage and Selection Operator) by Tibshirani (1996). It is an effective
method of subset selection of the coefficients of regression models and esti-
mation thereof, which is the most appropriate efficient way of model building
via data analysis. Data analysis usually makes use of least-squares (LS) es-
timate and predicts response based on the LS estimators. However, data
analysts are not satisfied with the results they get out of the LS method,
even though the estimators are unbiased with minimum variance. To under-
stand the shortcomings of using LS estimation, we consider the model with
the data {(xi, yi)|i = 1, . . . , n} where xi is the ith row of the X matrix given
in (1.1) below:
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yi = x′iβ + εi ; β = (β1, . . . , βp)
′, εi

i.i.d.∼ N(0, σ2), 1 < i < n. (1.1)

The least-square estimator of β is β̃n = (X ′X)−1 X ′Y , where E(β̃n) = β
and Cov(β̃n) = σ2 (X ′X)−1. Let X0 is a future X-matrix, then the predicted
value of Y would be Ŷ = X0 β̃n. We have Cov(Ŷ ) = σ2X0′ (X ′X)−1 X0. Since
σ2 is unknown, it can be estimated by

s2 = (n− p)−1
(
Y −Xβ̃n

)′ (
Y −Xβ̃n

)
.

Now, we consider the result carefully. First, look at the prediction accu-
racy: LS estimate has no bias but may have high variance for some estimator
of coefficients. This would spoil the accuracy of prediction. The second rea-
son is the interpretation: Data analysts prefer a simpler model because it
sheds more light on the relationship between the response and covariates.
Thus, subset selection is important when the number of predictors is large,
so that their number can reasonably be reduced for optimal interpretation.

To improve the LS methodology, one uses LASSO subset selection in-
troduced by Tibshirani (1996), ridge regression introduced by Hoerl and
Kennard (1970) and elastic net, which is a combination of LASSO and ridge
regression penalty suggested by Zou and Hastie (2005). We shall focus on
these three subset selectors in this thesis. We may consider the traditional
subset selector, namely, the preliminary test subset selector (PTSS) proposed
by Donoho and Johnstone (1994) as:

β̂
PT

n (λ) =
(
β̃1n I

(
|β̃1n| > λσ

√
c11
)
, . . . , β̃pn I

(
|β̃pn| > λσ

√
cpp
))′

, (1.2)

where cjj is jth diagonal element of (X ′X)−1 = C−1
n , and I(A) is the indicator

function of the set A, i.e. I(A) takes a value of 1 if A occurs and takes a
value of 0 if Ac occurs.
This subset selector in (1.2) can be highly variable because it is a discrete
process. Here, regression coefficients are either retained or dropped from the
model. Small change in the data can result in very different models being
selected and this can effect their prediction accuracy.
As a result, one may consider the continuous version of PTSS, and propose
Saleh-type subset selector (SSS) as
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β̂
S

n(λ) =

(
β̃1n

(
1− λσ

√
c11

|β̃1n|

)
, . . . , β̃pn

(
1− λσ

√
cpp

|β̃pn|

))′
. (1.3)

The problem with (1.3) is the fact that it changes the sign of the estimator.

To modify the selector in (1.3), we consider the positive-rule of Saleh-type
selector, namely,

β̂
S+

n (λ)=

(
β̃1n

(
1− λσ

√
c11

|β̃1n|

)
I
(
|β̃1n| > λσ

√
c11
)
, . . . ,

β̃pn

(
1− λσ

√
cpp

|β̃pn|

)
I
(
|β̃pn| > λσ

√
cpp
))′

. (1.4)

The left hand-side of (1.4) form may be written as

β̂
S+

n (λ)=

(
sgn

(
β̃1n

)(
|β̃1n| − λσ

√
c11
)+

, . . . ,

sgn
(
β̃pn

)(
|β̃pn| − λσ

√
cpp
)+
)′

= σ
(√

c11 sgn (Z1n) (|Z1n| − λ)+ , . . . ,
√
cpp sgn (Zpn) (|Zpn| − λ)+

)′
,

(1.5)

where Zjn =
β̃jn

σ
√
cjj
, j = 1, . . . , p and (1.5) is the LASSO selector expression.

One may notice that the last expression does not change sign.

Now, we present the naive elastic net (nEnet) selector given by

β̂
nEnet

n (λ, α) =

(
β̂LASSO1n (λα)

1 + λ (1− α) c11
, . . . ,

β̂LASSOpn (λα)

1 + λ (1− α) cpp

)′
, (1.6)

and 0 ≤ α ≤ 1 is the elastic tuning parameter.

From the formula (1.6), when we set α = 0, we get the usual ridge
estimator
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β̃
ridge

n (λ) =

(
β̃1n

1 + λc11
, . . . ,

β̃pn
1 + λcpp

)′
,

and for α = 1, we obtain the LASSO

β̂
LASSO

n (λ) =
(
β̂LASSO1n (λ), . . . , β̂LASSOpn (λ)

)′
.

The thesis has five chapters according to the materials covered. Chapter 2
contains introduction to ridge regression, mainly focussed on linear regression
models. location model is considered only to illustrate the properties under
L2-risk criterion. In particular, we discuss application of partial penalty
function when model indicates sparsity for the model and includes application
of Stein-type estimators. We present the basic analytical methodology. So
that one may use them in any problem related to ridge regression. It is well-
known, ridge regression performs efficiently enough in data analysis. It is a
shrinkage estimator but does not select any variables. LASSO is brought in
to simultaneously select and estimate a coefficient to build efficient models
for prediction. This is presented in chapter 3. In chapter 4, we consider
elastic net penalty function which is a combination of L1- and L2-penalty
functions. This results in a weighted LASSO by ridge factor i.e.

β̂
nEnet

n (λ, α) = [Ip + kC−1]−1β̂
LASSO

n (λα) , 0 ≤ α ≤ 1 , k = λ(1− α).

These results are presented in chapter 4 and show that Enet is worse than
nEnet. Chapter 5 contains the concluding remarks.
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Chapter 2

RIDGE REGRESSION

In this chapter, we present some basic results of the ridge regression es-
timation with their important properties. Ridge regression introduced by
Hoerl and Kennard (1970), is a breakthrough contribution and a competi-
tive estimation procedure to the Stein-type estimators. We derive the ridge
regression estimator and study its risk properties. To begin with, we consider
two models, namely, the location model and the multiple linear regression
(MLR) model in the following sub sections.

2.1 Some Basic Information

Let us consider the location model

Yn = θ1n + ε ; E(ε) = 0, E(εε′) = σ2In, σ
2 known, (2.1)

where Yn = (y1, . . . , yn)′ , 1n-is the n-vector of 1’s and θ is unknown param-
eter. In order to have the best linear unbiased estimator (BLUE) for (2.1)
form, we have

Theorem 2.1.1.

θ̃n = arg min
θ∈R

(Yn − θ1n)′ (Yn − θ1n) = ȳ. (2.2)

Proof. Taking derivative of (Yn − θ1n)′ (Yn − θ1n) with respect to θ and set-
ting to 0, we get θ̃n = ȳ as shown in (2.2).
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Clearly, E
(
θ̃n

)
= θ and Var(θ̃n) =

σ2

n
.

To get an improved estimator of θ, we use the penalized least-squares
loss-function.

Theorem 2.1.2.

θ̃ridgen = arg min
θ
{(Yn − θ1n)′ (Yn − θ1n) + nλθ2} =

θ̃

1 + λ
. (2.3)

Proof. Taking derivative with respect to θ and setting it to 0, we solve for θ
to get

θ̃ridgen =
θ̃

1 + λ
,

which represents the formula (2.3).

It can be easily shown that

E
(
θ̃ridgen

)
=

θ

1 + λ
, Bias

(
θ̃ridgen

)
=

θ

1 + λ
− θ = − λθ

1 + λ
.

Then, the risk of θ̃ridgen (λ) is given by (2.4) as follows

R
(
θ̃ridgen (λ); θ

)
= Var

(
θ̃ridgen (λ)

)
+ Bias2

(
θ̃ridgen (λ)

)
(2.4)

=
σ2

n

1

(1 + λ)2
+

λ2θ2

(1 + λ)2

=
σ2

n(1 + λ)2

(
1 + λ2∆2

)
, ∆2 =

nθ2

σ2
.

The optimum value for λ is ∆−2. Hence, R
(
θ̂ridgen (∆−2); θ

)
= σ2∆2

[n(1+∆2)]
< σ2

n

for all ∆2 > 0. Therefore, under squared loss θ̂ridgen (∆−2) is uniformly better
than the best linear unbiased estimator (BLUE).
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2.2 Linear Model

Consider the following multiple linear regression model,

Y = θ1n +Xβ + ε, (2.5)

where

X =


x11 x12 . . . x1p

x21 x22 . . . x2p

x31 x32 . . . x3p
...

...
...

...
xn1 xn2 . . . xnp


n×p

; β =


β1

β2
...

βp


p×1

; Y =


y1

y2
...
yn


n×1

,

where β is a vector of regression coefficients, and θ is the intercept and ran-
dom error ε = (ε1, . . . , εn)′. Let X = (x1, . . . ,xn)′ where xi is the ith row
of X. For the time being, assume Y = Xβ + ε with the following standard
assumptions:
1) E(ε) = 0,
2) Var (ε) = σ2In for all values of X, where σ2 is known,
3) ε = (ε1, . . . , εn)′ ≈ Nn (0, σ2In), In is the identity matrix.

Theorem 2.2.1. The best linear unbiased estimator (BLUE) of β is

β̃n = arg min
β∈Rp
{(Y −Xβ)′ (Y −Xβ)} = (X ′X)

−1
X ′Y, (2.6)

provided X ′X is not ill conditioned. Then, we have Var
(
β̃n

)
= σ2 (X ′X)−1 .

Proof. To prove the formula (2.6), we set the derivative of
(Y −Xβ)′ (Y −Xβ) to 0 to get:

−2X ′ (Y −Xβ)′ = 0 ⇒ β̃n = (X ′X)
−1
X ′Y.

2.2.1 Reparametrization of the Design Matrix X

In this section, we consider the canonical form of the multiple linear re-
gression model (2.5) to obtain the expressions for L2-risks of estimators in
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terms of eigenvalues of X ′X matrix. Let C = X ′X be a positive definite
matrix. So, there exists an orthogonal matrix Γ such that X ′X = ΓΛΓ′ and
Λ = Γ′CΓ = diag (λ1, . . . , λp), where λ1 > λ2 > . . . > λp > 0 are the ordered
eigen values of X ′X.

Then, the new parametrization of the multiple linear regression model
(MLR) is given by (2.7) as follows

Y = Tξ + ε, T = XΓ, ξ = Γ′β, (2.7)

and the least squares estimator ξ̃n and its Cov-matrix together with risk
expressions are given by

ξ̃n = Λ−1T ′Y,

Cov
(
ξ̃n

)
= σ2Λ−1, R

(
ξ̃n; ξ

)
= σ2 tr Λ−1 = σ2

p∑
j=1

1

λj
.

2.3 Ridge Regression Estimator

Theorem 2.3.1. Under the above assumptions the ridge regression estimator
is given by

β̃
ridge

n (k) = arg min
β∈Rp

[
(Y −Xβ)′ (Y −Xβ) + kβ′β

]
= [X ′X + k Ip]

−1
X ′Y.

Proof. Setting the derivative of
[
(Y −Xβ)′ (Y −Xβ)

]
+ kβ′β with respect

to k equal to 0, we obtain

[X ′X + kI]β = X ′Y.

Hence, the ridge regression estimator of β is given by

β̃
ridge

n (k) = [Cn + kIp]
−1 X ′Y,

where Cn = X ′X.
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Now, we have the following lemma.
Lemma 2.1:

Cov
(
β̃
ridge

n (k)
)

= σ2 [Cn + kI]−1 Cn [Cn + kI]−1 ,

Bias
(
β̃
ridge

n (k)
)

= −k [Cn + kI]−1 β,

R
(
β̃
ridge

n (k) : β
)

= σ2 tr{[Cn + kI]−2 Cn}+ k2β′ [Cn + kI]−2 β.

Proof.

Cov
(
β̃
ridge

n (k)
)

= [Cn + kI]−1 X ′E [Y Y ′]X [Cn + kI]−1

= σ2 [Cn + kI]−1 Cn [Cn + kI]−1 .

Bias
(
β̃
ridge

n (k)
)

= [Cn + kI]−1 [X ′Xβ − kβ −X ′Xβ]

= −k [Cn + kI]−1 β.

To prove the expression for risk of the ridge regression in canonical form,
we consider the eigenvalues of Cn + kI, which are λ1 + k, . . . , λp + k and the

eigenvalues of (Cn + kI)−1 Cn are λ1

(λ1+k)2 , . . . ,
λp

(λp+k)2 , respectively by (2.7).

Then, we can derive the risk as follows:

R
(
ξ̃
ridge

n (k); ξ
)

= E

[(
ξ̃
ridge

n (k)− ξ
)′ (

ξ̃
ridge

n (k)− ξ
)]

=

p∑
j=1

E
(
ξ̃ridgej (k)− ξj

)2

=

p∑
j=1

[
Var

(
ξ̃ridgej (k)

)
+ k2 Bias2

(
ξ̃ridgej (k)

)]
= σ2

p∑
j=1

λj
(λj + k)2

+ k2

p∑
j=1

ξ2
j

(λj + k)2

= σ2 tr{(Λ + kI)−2Λ}+ k2ξ′ (Λ + kI)−2 ξ.

Note that

Var
(
ξ̃ridgej (k)

)
= σ2 λj

(λj + k)2
, Bias

(
ξ̃ridgej (k)

)
= −k ξj

(λj + k)
.

15



Now, we have the following theorem

Theorem 2.3.2. There always exists a k > 0 in the range 0 < k < σ2

ξ2
max

such that ξ̃
ridge

n (k) has a smaller risk than ξ̃n. i.e.

R
(
ξ̃
ridge

n (k); ξ
)
≤ R

(
ξ̃n; ξ

)
uniformly in ξ ∈ Rp.

Proof. To prove the theorem, we consider the risk expression for ξ̃
ridge

n (k) as
a function of k. If k = 0, we get σ2

∑
1
λj

. To illustrate, the first term appears

as a continuous and monotonic decreasing function of k. The derivative of
this function (with respect to k) tends to -∞ when k → 0+. The second
term in the expression is a continuous and monotonic increasing function.
Second term approaches ξ′ξ when k → ∞. Differentiating with respect to
k we get

dR

dk

(
ξ̃
ridge

n (k) : ξ
)

= 2

p∑
j=1

λj
(λj + k)3

(
kξ2

j − σ2
)
. (2.8)

Then, a sufficient condition for (2.8) to be negative is that
0 < k < k∗, where

k∗ =
σ2

ξ2
max

= ∆−2
max; ξ2

max = max
(
ξ2

1 , . . . , ξ
2
p

)
.

2.3.1 Generalized Ridge Regression Estimator of β

In this section, we consider the generalized ridge regression estimator of β
using penalized least-square function i.e

β̃n(K) = arg min
β∈Rp

{
(Y −Xβ)′ (Y −Xβ) + β′Kβ

}
, K = diag (k1, . . . , kp) .

(2.9)

Setting the derivative equal to 0, we obtain (2.9) given by[
X ′X +K

]
β = X ′Y ⇒ β̃

ridge
n (K) =

[
X ′X +K

]−1
X ′Y. (2.10)
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If K = kIp, then the equation (2.10) will be written as follows

β̃
ridge

n (k) = [X ′X + kIp]
−1
X ′Y.

The following theorem shows that the ridge regression estimator performs

better than the LSE
(
β̃n

)
.

Theorem 2.3.3. Under the assumed conditions

R
(
ξ̃
ridge

n (K); ξ
)

= σ2 tr
{

[Λ +K]−2 Λ
}

+ ξ′K [Λ +K]−2 Kξ,

R
(
ξ̃n; ξ

)
= σ2 tr Λ−1,

R
(
ξ̃
ridge

n (K); ξ
)
≤ R

(
ξ̃n; ξ

)
∀ ξ ∈ Rp.

Proof. We consider the canonical form and note that,

Cov
(
ξ̃
ridge

n (K)
)

= σ2 (Λ +K)−1 Λ (Λ +K)−1 ,

Bias
(
ξ̃
ridge

n (K)
)

= − [Λ +K]−1 Kξ,

Bias2
(
ξ̃
ridge

n (K)
)

= ξ′K [Λ +K]−2 Kξ,

R
(
ξ̃
ridge

n (K); ξ
)

= σ2

[
p∑
j=1

λj

(λj + kj)
2 +

p∑
j=1

k2
j∆

2
j

(λj + kj)
2

]
,

where ∆2
j =

ξ2
j

σ2 , j = 1, . . . , p.

It may be shown that the optimum value for kj is ∆−2
j ; (j = 1, . . . , p).

Hence, the optimum value for

R
(
ξ̃
ridge
n (K) : ξ

)
=

p∑
j=1

σ2(
λj + 1

∆2
j

) <

p∑
j=1

σ2

λj
∀
(
∆2

1, . . . ,∆
2
p

)
∈ Rp.

This proves that the ridge regression estimator dominates ξ̃n uniformly in
ξ ∈ Rp under L2-loss function.
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Now, we consider the case when p > n. In this case X ′X is a p × p ma-
trix with minimum rank n, which means we cannot obtain the inverse of X ′X.

We resolve the problem by considering artificial dataset (X∗, Y ∗) defined
by

X∗ =

(
Xn×p√
kIp

)
(n+p)×p

, Y ∗ =

(
Y
0

)
(n+p)×1

.

Thus, the multiple linear model is given by

Y ∗(n+p)×1 = X∗(n+p)×p βp×1 + ε(n+p)×1.

Then, LS estimator is given by

β̃
∗

= (X∗′X∗)
−1

X∗′Y ∗,

where (
X ′
√
kIp

)( X√
kIp

)
= [X ′X + kIp] ,

X∗′ Y = X ′Y,

which result in the same LS estimator of β is given by

β̃
ridge

(k) = [X ′X + kIp]
−1
X ′Y,

ξ̃
ridge

(k) = (Λ + kIp)
−1 T ′Y.

2.3.2 Estimation of β =
(
β′1,β

′
2

)′
when β2 may be sparse

In this section, we consider the estimation of the parameter β = (β′1,β
′
2)
′

when we suspect β2 may be negligible for the model

Y = X1β1 +X2β2 + ε.

In this case, we minimize

(Y −X1β1 −X2β2)′ (Y −X1β1 −X2β2) + k β′2β2 ,
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to get the following equations{
X ′1X1β1 +X ′1X2β2 = X ′1Y,

X ′2X1β1 + (X ′2X2 + kIp) β2 = X ′2Y.

We obtain the following(
β̃1n

β̃2n

)
=

(
X ′1X1 X ′1X2

X ′2X1 X ′2X2 + kIp

)−1 (
X ′1Y
X ′2Y

)
β̃
ridge

1n (k) = [X ′1M2X1 + kIp1 ]
−1
X ′1M2Y,

β̃
ridge

2n (k) = [X ′2M1X2 + kIp2 ]
−1
X ′2M1Y,

M1 = In −X1 (X ′1X1)
−1
X ′1,

M2 = In −X2 (X ′2X2 + kIp2)
−1
X ′2 ,

(2.11)

respectively. The above estimates are important in the analysis of high di-
mensional problem see Gao et al. (2017) and Saleh et al. (2019).
The bias and risk expressions are given by

Bias
(
β̃
ridge
1n (k)

)
=
[
X ′1M2X1 + kIp1

]−1
X ′1M2

[
X ′1β1 +X2β2

]
− β1

= −k
[
X ′1M2X1 + kIp1

]−1 [
β1 + k−1

(
X ′1M2X2

)
β2

]
,

Bias
(
β̃
ridge
2n (k)

)
=
[
X ′2M1X2 + kIp2

]−1 [(
X ′2M1X1

)
β1 −

(
X ′2M1X2

)
β2

]
− β2

= −k
[
X ′2M1X2 + kIp2

]−1
β2.

R
(
β̃
ridge
1n (k);β1

)
= σ2 tr

{
[X ′1M2X1 + kIp1 ]

−2 (
X ′1M

2
2X1

)}
+k2

[
β1 − k−1

(
X ′1M2X2

)
β2

]′ [
X ′1M2X1 + kIp1

]−2[
β1 − k−1

(
X ′1M2X2

)
β2

]
,

R
(
β̃
ridge
2n (k);β2

)
= σ2 tr

{
[X ′2M1X2 + kIp2 ]

−2
(X ′2M1X2)

}
+k2β′2

[
X ′2M1X2 + kIp2

]−2
β2.

Further, for the test of H0 : β2 = 0 Vs β2 6= 0, we use the test-statistics

Ln =
1

σ̂2
n

β̃
′
2n (X ′2M1X2) β̃2n ,

19



where M2
1 = M1 and σ̂2

n = (n− p2)−1
(
Y −X2β̃2n

)′ (
Y −X2β̃2n

)
.

We can now, define the following estimators:
(1) Unrestricted estimator (UE):

β̃
UE

n (k) =

([
β̃
ridge

1n (k)
]′
,
[
β̃
ridge

2n (k)
]′)′

.

(2) Preliminary test Estimator (PTE):

β̂
PT

n (k) =

([
β̃
ridge

1n

]′
, β̃

ridge

2n (k) I
(
Ln > k2

))′
.

(3) Stein-Saleh type Estimator (S):

β̃
S

n(k) =

([
β̃
ridge

1n (k)
]′
,
[
β̃
ridge

2n (k)
]′ (

1− (p2 − 2)L−1
n

))′
.

(4) Positive-rule Stein-Saleh type estimator (PRSS):

β̃
S+
n (k) =

([
β̃
ridge
1n (k)

]′
,
[
β̃
ridge
2n (k)

]′ (
1− (p2 − 2)L−1

n

)
I (Ln > p2 − 2)

)′
.

We can prove the following results using the ideas of Saleh (2006).

(1) R
(
β̃
S+

n (k);β
)
≤ R

(
β̃
S

n(k);β
)
≤ R

(
β̃
UE

n (k);β
)

uniformly in β ∈ Rp.

(2) Neither β̃
PT

n (k) nor β̃
S+

n (k), β̃
S

n(k) or β̃
UE

n (k) dominate the other uni-
formly.

Now, consider the case with penalty β′2β2. Then,

β̃
ridge

n (k) = (X ′X + kIp)
−1
X ′Y,(

β̃
ridge

1n (k)

β̃
ridge

2n (k)

)
=

[(
X ′1X1 X ′1X2

X ′2X1 X ′2X2

)
+ k

(
Ip1 0
0 Ip2

) ]−1(
X ′1Y
X ′2Y

)
=

[(
X ′1X1 + kIp1 X ′1X2

X ′2X1 X ′2X2 + kIp2

)]−1(
X ′1Y
X ′2Y

)
.
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Then,

β̃
ridge

1n (k) = [X ′1M2X1 + kIp1 ]
−1

X ′1M2Y,

β̃
ridge

2n (k) = [X ′2M
∗
1X2 + kIp2 ]

−1
X ′2M

∗
1Y ;

M∗
1 = In −X1 (X ′1X1 + kIp2)

−1
X ′1,

and M2 is the same as (2.11).

Hence, we may obtain the risk of these estimators as

R
(
β̃
ridge

1n (k);β1

)
= σ2tr

{
[X ′1M2X1 + kIp1 ]

−2
(X ′1M

∗
2X1)

}
+ k2β′1 [X ′1M2X1 + kIp1 ]

−2
β1 + β′2 (X ′1M2X2)

[X ′1M2X2 + kIp1 ]
−2

(X ′1M2X2) β2.

Similarly,

R
(
β̃
ridge

2n (k);β2

)
= σ2tr

{
[X ′2M

∗
1X2 + kIp2 ]

−2 (
X ′2M

∗2
1 X2

)}
+ k2β′2 [X ′2M

∗
1X1 + kIp2 ]

−2
β2 + β′1 (X ′1M

∗
1X2)

[X ′2M
∗
1X2 + kIp2 ]

−1
(X ′2M

∗
1X1)β1.

We now assume that LSE of β exists, then we may also obtain ridge
estimator using the marginal distribution theory as follows: since LS estima-
tor β̃n ∼ Np (β, σ2 C−1) , the marginal distribution of β̃1n and of β̃2n are
Np1

(
β1, σ

2 C−1
11.2

)
and Np2

(
β2, σ

2 C−1
22.1

)
, respectively.

We then define ridge regression estimator as

β̃
ridge

1n (k) =
[
Ip1 + kC−1

11.2

]−1
β̃1n,

β̃
ridge

2n (k) =
[
Ip2 + kC−1

22.1

]−1
β̃2n,

where β̃1n and β̃2n are the LS estimators and

C11.2=X′1X1−X′1X2 (X′2X2)
−1

(X′2X1), C22.1=X′2X2−X′2X1 (X′1X1)
−1

(X′1X2).

The bias and risk functions are given by

(1) Bias
(
β̃
ridge

1n (k)
)

= −k [C11.2 + kIp1 ]−1 β1,

Bias
(
β̃
ridge

2n (k)
)

= −k [C22.1 + Ip2 ]−1 β2.
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(2) R
(
β̃
ridge
1n (k);β1

)
= σ2tr

{
[C11.2 + kIp1 ]−2 C11.2

}
+ k2β′1 [C11.2 + kIp1 ]−2 β1,

R
(
β̃
ridge
2n (k);β2

)
= σ2tr

{
[C22.1 + kIp2 ]−2 C22.1

}
+ k2β′2 [C22.1 + kIp2 ]−2 β2,

respectively.

As a result, the quadratic error D∗2n may be

D∗2n =
(
Y −Xβ̃ridgen (k)

)′ (
Y −Xβ̃ridgen (k)

)
= Y ′Y −

[
β̃
ridge

n (k)
]′
X ′Y − k

[
β̃
ridge

n (k)
]′ [

β̃
ridge

n (k)
]
.

The expression shows that if the total sum of squares less then the regres-

sion sum of squares for β̃
ridge

n (k) with modification depending on the squared

length of β̃
ridge

n (k).

D∗2n =
(
Y −Xβ̃ridgen (k)

)′ (
Y −Xβ̃ridgen (k)

)
= Y ′Y −

[
β̃
ridge
n (k)

]′
X ′Y −

[
β̃
ridge
n (k)

]′
X ′Y +

[
β̃
ridge
n (k)

]′ [
β̃
ridge
n (k)

]
,

where[
β̃
ridge
n (k)

]′ [
In −

(
X ′X + kIp

)−1
]
X ′Y= −k

[
Ip + k (X ′X)

−1
]−1

(X ′X)
−1
X ′Y

= −k
[
X ′X + kIp

]−1
X ′Y = −kβ̃ridgen (k).

Hence,

D∗2n = Y ′Y −
[
β̃
ridge
n (k)

]′
X ′Y − k

[
β̃
ridge
n (k)

]′ [
β̃
ridge
n (k)

]
.

2.4 Ridge Trace and Estimation of k

Ridge regression estimator has been introduced to aid in tackling the is-
sue of multicollinearity. It is difficult to untangle the relationships among
the factors if one is confined to study the correlations out in the X ′X
matrix. Thus, one needs some methods to have insight into the struc-
ture of the factor of space and sensitivity of the results to a particular
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set of data at hand. Therefore, Hoerl and Kennard (1970) propose “ridge
trace”. Ridge trace is a graphical display of characterization of ridge regres-

sion. It is a two-dimensional plot of β̃
ridge

jn (k) against k ≥ 0 and D∗2n =(
Y −Xβ̃ridgen (k)

)′ (
Y −Xβ̃ridgen (k)

)
against k ≥ 0. It serves to display the

complex relationships that exists between nonorthogonal prediction vectors
and the effect of these interrelationships on the estimation of β. By comput-

ing β̃
ridge

jn (k) and D∗2n for a set of values of k, such insight can be obtained.
Figure 2.1 displays such a graph where we observe that reasonable coefficient
stability is achieved in the range 0.4 < kopt < 0.42. The plots indicates
roughly the estimate of kopt.

Figure 2.1: Ridge Trace: This figure is taken from Saleh et al. (2019).
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Another method to estimate parameter k to give better estimate of β by
damping the effect of the lower bound Ridge trace is a diagnostic test and
guide to a better estimate of β.

If k is chosen to be kopt, then jth components of β̃
ridge

j,n (kopt) is obtained to
predict Yj well. The generalized cross validation (GCV) is defined as the
weighted average of predicted square errors.

Var(k) =
1

n

n∑
j=1

(
yj − x′jβ̃

ridge

jn (kopt)
)2

wj(k),

where wj(k) = (1− ajj(k)) /
(
1− 1

n
trA(k)

)
, and ajj(k) is the jth diagonal

element of A(k) = X (X ′X + kI)−1 X ′. See Golub et al. (1979) for more
details. Then,

kopt = arg min
k>0

Var(k).

The GCV theorem guarantees asymptotic efficiency of the GCV estimator
for p < n and also p > n.

Estimation of the parameter k is an important issue with ridge regression.
There are many estimators depending on the model. To mention a few, we
have Hoerl and Kennard (1970), Kibria (2003), Kibria and Banik (2016) and
Kibria and Lukman (2020). Particularly, simple estimator by Lawless and
Wang (1976) is given by

kLW =
σ̂2
n

β̃
′
nβ̃n

for multiple linear regression model.
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Figure 2.2: Plot of MSE vs. log(k)

From Figure 2.1, we can see that the value of the beta coefficients varies
with the choice of the ridge constant ′k′. For the different coefficients labeled
using the colors, it can be seen that the values of these coefficients seem to
stabilize and become more constant as we cross a certain threshold value of
′k′, which happens to be about 0.42. Figure 2.2 is a related plot for simulated
data that plots the MSE versus the logarithm of the ridge constant. As we
see, the plot of the MSE, the values keep going down for increasing values
of the ridge constant until they reach a minimum value, and then they rise
back up again. The optimal values of log(k) lie between 1.4 and 2.2, which
means that the optimal values of the ridge constant ′k′ lie between 4.06 and
9.03. The values of the ridge constant changes as per the coefficients in the
model and their significance. A future simulation study would include more
experimentation with the data to study the behavior of the ridge parameters.
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Chapter 3

LASSO

3.1 Some Subset Selectors

Many methods of subset selection, such as forward and backward selections
among others have evolved around testing and estimating parameters. Now,
it has settled down to preliminary test estimators with fixed critical value,
proposed by Donoho and Johnstone (1994) as hard threshold estimators
(HTE):

β̂
PT

n (λ) =
(
β̃jnI

(
|β̃jn| > λσ

√
cjj
)
|j = 1, . . . , p

)′
. (3.1)

We shall call it preliminary test subset selector (PTSS). However, this subset
selector provides interpretable models that can be extremely variable because
its discrete process-regressors are either dropped or retained from the model.

To remedy this problem with (3.1), Saleh (2006) proposed a continuous
version of PTSS, starting with

β̂PTjn (λ) = β̃jnI
(
|β̃jn| > λσ

√
cjj
)

= β̃jn − β̃jnI
(
|β̃jn| ≤ λσ

√
cjj
)
. (3.2)

Rewrite (3.2), we replace I
(
|β̃jn| ≤ λσ

√
cjj
)

in the right hand-side by

λσ
√
cjj

|β̃jn|
, j = (1, . . . , p). This yields the following Saleh-type selector (S)

β̂
S

n(λ) =

(
β̃jn

(
1− λσ

√
cjj

|β̃jn|

)
|j = 1, . . . , p

)′
. (3.3)
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This selector has the inherent problem of changing signs. Breiman (1996)
obtained the non-negative garotte by minimizing

n∑
i=1

(
yi −

p∑
j=1

djβ̃jnxij

)2

subject to dj ≥ 0 and

p∑
j=1

dj ≤ t, t > 0.

This means that we multiply β̃jn by a shrinkage factor, dj. The result be-
comes

β̂
(G)

n (λ) =

(
β̃jn

(
1− λσ2cjj

β̂2
jn

)
|j = 1, . . . , p

)′
.

This selector does not change sign, and has its own problem to resolve.
Let us look at the Saleh-type selector given by (3.3) and modify to make it
positive-rule Saleh-type selector (PRSS) as follows

β̂
S+

n (λ) =

(
β̃jn

(
1− λσ

√
cjj

|β̃jn|

)
I
(
|β̃jn| > λσ

√
cjj
)
|j = 1, . . . , p

)′
. (3.4)

The formula (3.4) is called LASSO (Least Absolute Shrinkage and Selec-
tion Operator) proposed by Tibshirani (1996), which has gone viral in the
literature. Mathematically, it is derived as shown in (3.5) and (3.6) below

β̂
LASSO

n (λ)= arg min
β∈Rp

{‖Y −Xβ‖2 + λ|β|, |β| =
p∑
j=1

βj} (3.5)

=

(
β̃jn

(
1− λσ

√
cjj

|β̃jn|

)
I
(
|β̃jn| > λσ

√
cjj
)
|j = 1, . . . , p

)′
.

(3.6)

The main advantage of this selector is that it shrinks some coefficients
and sets others to zero. Hence, it retains good properties of ridge regression
and subset selection procedures. We may notice that core statistics for subset
selections are

β̂PTjn (λ)= σ
√
cjj sgn(Zjn)|Zjn| (1− I(|Zjn| < λ)) ; Zjn =

β̃jn

σ
√
cjj

,

β̂Sjn(λ)= σ
√
cjj sgn(Zjn)|Zjn|

(
1− λ

|Zjn|

)
,

β̂S+
jn (λ)= σ

√
cjj sgn(Zjn)|Zjn|

(
1− λ

|Zjn|

)
I (|Zjn| > λ) .
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3.2 Risks of the Selectors

In this section, we present the L2-risk expressions.
(a) First, we consider the PTSS as

R
(
β̂
PT

n (λ);β
)

=

p∑
j=1

E
(
β̂PTjn (λ)− βj

)2

=

p∑
j=1

E
[(
β̃jn − βj

)
− β̃jn I

(
|β̃jn| < λσ

√
cjj
)]2

=

p∑
j=1

E

[(
β̃jn − βj

)2

+ β̃2
jn I

(
|β̃jn| < λσ

√
cjj
)
− 2

(
β̃jn − βj

)
β̃jn

I
(
|β̃jn| < λσ

√
cjj
)]

= σ2

p∑
j=1

[
cjj −

(
cjjH3

(
λ2,∆2

j

)
+ ∆2

jH5

(
λ2,∆2

j

))
+ 2β2

jH3

(
λ2,∆2

j

)]
; ∆j =

βjn

σ
√
cjj

= σ2

p∑
j=1

[
cjj
(
1−H3

(
λ2,∆2

j

))
+ ∆2

j

(
2H3

(
λ2,∆2

j

)
−H5

(
λ2,∆2

j

))]
,

where Hγ(.; ∆2) is the cdf of a non-central chi-square distribution with γ d.f.
and non-central parameter ∆2. It may be seen that the lower bound is given
by

R
(
β̂
PT

n (λ);β
)
≥ σ2

(
1−H3(λ2; 0)

)
trC−1.

Here, we have used the following results from Saleh (2006)

E
[
β̃jnI(|β̃jn| < λ)

]
= βjH3(λ2; ∆2

j),

E
[
β̃2
jnI(|β̃jn| < λ)

]
= σ2

[
cjjH3(λ2; ∆2

j) + ∆2
jH5(λ2; ∆2

j)
]
.

(b) Now, we consider the Saleh-type selector as follows
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R
(
β̂
S

n(λ);β
)

=

p∑
j=1

E
(
β̂Sjn(λ)− βj

)2

=

p∑
j=1

E
[(
β̂Sjn(λ)− βj

)
− λσ

√
cjjsgn

(
β̃jn

)]2

=

p∑
j=1

[
E
(
β̃jn − β

)2

+ λ2σ2cjj − 2λσ
√
cjjE

{
(β̃jn−βj)Zjn

|Zjn|

}]

= σ2

[
p∑
j=1

cjj + λ2

p∑
j=1

cjj − 2λ

p∑
j=1

cjj
(

E|Zjn| −∆jE
Zjn
|Zjn|

)]

= σ2

[
trC−1

(
1 + λ2

)
− 2λ

p∑
j=1

cjj
√

2

π
e
−∆2

j
2

]
,

where Zjn =
β̂jn

σ
√
cjj
, j = 1, . . . , p.

Differentiating with respect to λ we have the optimum value for λ given
by

λopt =

∑p
j=1 c

jj
√

2
π
e−

∆2

π

trC−1
=

√
2

π
when ∆j = 0 ∀j.

Therefore,

R
(
β̂
S

n(λ);β
)

= σ2

[(
1 +

2

π

)
trC−1 − 4

π

p∑
j=1

cjjc−
∆2
j

2

]

= σ2

[
trC−1 − 2

π

(
p∑
j=1

cjj
(

2 e−
∆2
j

2 − 1

))]
.

(c) Positive-rule Saleh-type estimator or LASSO:
In this section, we consider L2-risk of the positive-rule Saleh-estimator
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R
(
β̂
S+

n (λ);β
)

= E
(
β̂
S+

n (λ)− β
)′ (

β̂
S+

n (λ)− β
)

=

p∑
j=1

E

[(
β̃jn

(
1− λ∗

|β̃jn|

)
− βj

)
− β̂jn

(
1− λ∗

|β̃jn|

)
I
(
|β̃jn| < λ∗

)]2

=

p∑
j=1

E

{β̃jn(1− λ∗

|β̃jn|

)
− βj

}2

− β̃2
jn

(
1− λ∗

|β̃jn|

)
I
(
|β̃jn| < λ∗

)

+2βjβ̃jn

(
1− λ∗

|β̃jn|

)
I
(
|β̃jn| < λ∗

)]

= R
(
β̂
S

n(λ);β
)
− σ2

p∑
j=1

{
cjjE

[
Z2
jn

(
1− λ

|Zjn|

)2

I (|Zjn| < λ)

]

+2∆jE

[
Zjn

(
1− λ

|Zjn|

)
I (|Zjn| < λ)

]}
≥ 0 ,

= σ2

p∑
j=1

[
cjj
{(

1−H3

(
λ2
j ,∆

2
j

))
+ ∆2

j

[
2H3

(
λ2
j ,∆

2
j

)
−H5

(
λ2
j ,∆

2
j

)]
+ λ2

(
1−H1

(
λ2
j ,∆

2
j

))
− 2λ (φ (λ−∆j) + φ (λ+ ∆j))

}]
.

3.3 Alternative Derivation of Bias and Risk

expression of LASSO

In this section, we derive the bias and risk expressions of LASSO. We state
the following theorem for them.

Theorem 3.3.1. If Z ∼ N(∆, 1), then the bias and risk expressions are
given by

Bias
(
ZLASSO(λ)

)
= E

[
ZLASSO(λ)

]
−∆

= −{[Φ (λ−∆)− Φ (−λ−∆)]− [φ (λ−∆)− φ (λ+ ∆)]

− λ [Φ (λ−∆)− Φ (λ+ ∆)]},

R
(
ZLASSO(λ);Z

)
= E

[
ZLASSO(λ)−∆

]2
= 1 + λ2 +

(
∆2 − λ2 − 1

)
[Φ (λ−∆)− Φ (−λ−∆)]

− [(λ−∆)φ (λ+ ∆) + (λ+ ∆)φ (λ−∆)] ,
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where ZLASSO(λ) = sgn(Z) (|Z| − λ)+ = Z
(

1− λ
|Z|

)
I (|Z| > λ).

For the proof, we need the following lemma proposed by Saleh et al.
(2019).

Lemma 3.3.2. If Z ∼ N(∆, 1) then:

(i) E[|Z|] = ∆[2Φ(∆)− 1] +
√

2
π

exp{−∆2

2
},

(ii) E[I (|Z| < λ)] = [Φ (λ−∆)− Φ (−λ−∆)],

(iii) E[ZI (|Z| < λ)] = ∆ [Φ (λ−∆)−Φ (−λ−∆)]−[φ (λ−∆)− φ (λ+ ∆)],

(iv) E[sgn(Z)] = 2Φ(∆)− 1,

(v) E[sgn(Z) I (|Z| < λ)] = [Φ (λ−∆) − Φ (λ+ ∆)] + [2 Φ(∆) − 1],

(vi) E[|Z| I (|Z| < λ) ] = [φ(∆)− φ (λ+ ∆) ] + [φ(∆)− φ (λ−∆) ]
−∆[Φ (λ+ ∆) − Φ (λ−∆) + 1] + 2 ∆Φ(∆) ,

(vii) E[Z2 I (|Z| < λ)] = 2 ∆ [φ (λ+ ∆) −φ (λ−∆) ]− [(λ−∆) φ (λ−∆)
+ (λ+ ∆) φ (λ+ ∆)] + (∆2 + 1) [Φ (λ−∆) + Φ (λ+ ∆)− 1],

where Φ is the cdf of N(0,1) and Hγ(.,∆
2) is the cdf of a non-central chi-

square distribution with γ degree of freedom and non-central parameter ∆2

2
.

Proof. See Saleh et al. (2019).

Theorem 3.3.3. The bias of LASSO estimator and the risk of LASSO es-
timator are given by

Bias
(
β̂LASSOjn (λ)

)
= σ
√
cjj {λ [Φ(λ−∆)− Φ(λ+ ∆)]−∆ [Φ(λ−∆)

−Φ(−λ−∆)] + [φ(λ−∆)− φ(λ+ ∆)]} ,
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R
(
β̂LASSOjn (λ); βj

)
= σ
√
cjj
{(

E
[
Z2
jn

]
+ λ2 − 2 λ E [|Zjn|]

)
−
(
E
[
Z2
jn

I (|Zjn| < λ)] + λ2 E [I (|Zjn| < λ)]− 2 λ E [|Zjn|I (|Zjn| < λ)]
)

+2 ∆j (E [Zjn]− λ E [sgn(Zjn)]) + ∆2
j − 2 ∆j (E [ZjnI(|Zjn| < λ)]

−λ E [sgn(Zjn)I(|Zjn| < λ)])}.

Proof. By substituting Lemma (3.3.2) (iii) and (v), we obtain the following:

Bias
(
β̂LASSOjn (λ)

)
= E

[
β̂LASSOjn (λ)

]
− βj

= E

[
β̃jn

(
1− λσ

√
cjj

|β̃jn|

)
I
(
|β̃jn| > λσ

√
cjj
)
− βj

]
= E

[(
β̃jn − βj

)
− sgn(β̃jn)λσ

√
cjj

−β̃jn

(
1− λσ

√
cjj

|β̃jn|

)
I
(
|β̃jn| < λσ

√
cjj
)]

= σ
√
cjj E

{
−λ sgn(Zjn)− E

[
Zjn

(
1− λ

|Zjn|

)
I (|Zjn| ≤ λ)

]}
= −σ

√
cjj {E [Zjn I(|Zjn| < λ)] + λ E [sgn(Zjn)]

−λ E [sgn(Zjn)I(|Zjn| < λ)]}
= σ
√
cjj {∆ [Φ(λ−∆)− Φ(−λ−∆)]− [φ(λ−∆)− φ(λ+ ∆)]

+λ(2 Φ(∆)− 1)− λ [Φ(λ−∆)− Φ(λ+ ∆)]− (2 Φ(∆− 1))}
= σ
√
cjj {λ [Φ(λ−∆)− Φ(λ+ ∆)]−∆ [Φ(λ−∆)− Φ(−λ−∆)]

+ [φ(λ−∆)− φ(λ+ ∆)]} .

Now, by using results from Lemma (3.3.2), we obtain the expression of risk
as follows

R
(
β̂LASSOjn (λ); βj

)
= E

(
β̂LASSOjn (λ)− βj

)2

= E

[
β̃jn

(
1− λσ

√
cjj

|β̃jn|

)
I
(
|β̃jn| > λσ

√
cjj
)
− βj

]2
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= σ
√
cjj E

[
Zjn

(
1− λ

|Zjn|

)
− Zjn

(
1− λ

|Zjn|

)
I (|Zjn| < λ)−∆j

]2

= σ
√
cjj E

[
Z2
jn

(
1− λ

|Zjn|

)2

− Z2
jn

(
1− λ

|Zjn|

)2

I (|Zjn| < λ) + ∆2
j

+2 ∆jZjn

(
1− λ

|Zjn|

)
− 2 ∆jZjn

(
1− λ

|Zjn|

)
I (|Zjn < λ)

]

= σ
√
cjj
{(

E
[
Z2
jn

]
+ λ2 − 2 λ E [|Zjn|]

)
−
(
E
[
Z2
jnI (|Zjn| < λ)

]
+λ2 E [I (|Zjn| < λ)]− 2 λ E [|Zjn|I (|Zjn| < λ)]

)
+2 ∆j (E [Zjn]− λ E [sgn(Zjn)]) + ∆2

j

−2 ∆j (E [ZjnI(|Zjn| < λ)]− λ E [sgn(Zjn)I(|Zjn| < λ)])}.

Theorem 3.3.4. Risk of β̂LASSOjn (λ) is less than that of β̂Sjn(λ).

Proof.

R
(
β̂LASSOjn (λ); βj

)
= E

[
β̂LASSOjn (λ)− βj

]2

= E

[
β̃jn

(
1− λσ

√
cjj

|β̃jn|

)
I
(
|β̃jn| > λσ

√
cjj − βj

)]2

= E

[(
β̃jn

(
1− λ

|β̃jn|

)
− β̃jn

)
− β̃jn

(
1− λσ

√
cjj

|β̃jn|

)
I
(
|β̃jn| < λσ

√
cjj − βj

)]2

= E

(β̃jn(1− λσ
√
cjj

|β̃jn|

)
− βj

)2

− β̃2
jn

(
1− λσ

√
cjj

|β̃jn|

)2

I
(
|β̃jn| < λσ

√
cjj
)

+ 2 βj

(
β̃jn − λσ

√
cjj sgn(β̃jn)

)
I
(
|β̃jn| < λ

)]
= R

(
β̂Sjn(λ); βj

)
− E

β̃2
jn

(
1− λσ

√
cjj

|β̃jn|

)2

I
(
|β̃jn| < λσ

√
cjj
)

+2 βj

(
β̃jn − λσ

√
cjj sgn β̃jn

)
I
(
|β̃jn| < λσ

√
cjj
)]
≥ 0 ∀ βjn ∈ R.
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Hence, R
(
β̂LASSOjn (λ); βj

)
≤ R

(
β̂Sjn(λ); βj

)
∀ βj ∈ R.

Table 3.1: Efficiency of restricted, ridge, PTE, Saleh-type, and LASSO
estimators for location parameter.

∆2 θ̂n θ̃ridgen θ̂PTn θ̂Sn θ̂S+
n

0 ∞ ∞ 1.411 2.752 4.303
0.01 100.000 101.000 1.399 2.705 4.199
0.02 50.000 51.000 1.387 2.659 4.101
0.03 33.333 34.333 1.375 2.615 4.007
0.04 25.000 26.000 1.364 2.573 3.918
0.05 20.000 21.000 1.353 2.533 3.833
0.1 10.000 11.000 1.301 2.350 3.463
0.2 5.000 6.000 1.213 2.064 2.916
0.3 3.333 4.333 1.141 1.849 2.532
0.4 2.500 3.500 1.082 1.683 2.248
0.5 2.000 3.000 1.031 1.550 2.029
1 1.000 2.000 0.869 1.157 1.417

2ln(2) 0.721 1.721 0.801 1.000 1.187
2 0.500 1.500 0.743 0.856 0.980
3 0.333 1.333 0.713 0.739 0.813
4 0.250 1.250 0.720 0.683 0.730
5 0.200 1.200 0.746 0.653 0.685
10 0.100 1.100 0.908 0.614 0.619
20 0.050 1.050 0.996 0.611 0.611
30 0.033 1.033 1.000 0.611 0.611
40 0.025 1.025 1.000 0.611 0.611
50 0.020 1.020 1.000 0.611 0.611
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From the Table 3.1, we observe that ridge estimator θ̂ridgen dominates all
others in the table and θ̂S+

n is the next best estimator dominating θ̂Sn uni-
formly. Now, look at θ̂n and θ̂PTn : θ̂n dominates θ̂PTn , θ̂Sn and θ̂S+

n in a limited
interval. Same holds for θ̂PTn . Thus, one may prefer ridge and LASSO de-
pending on what problem one is solving.

With the Table 3.1, it can be seen that the next estimator is the positive
rule Stein-Saleh type estimator (LASSO) dominates only Saleh-type estima-
tor. Neither PTE nor any other estimator except ridge dominates the others
uniformly.
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Chapter 4

Elastic net

In this chapter, we consider the elastic net, a regularization and variable
selection method introduced by Zou and Hastie (2005). Elastic net is a com-
bination of L1 an L2 penalty function to obtain LASSO and ridge regression
estimators respectively. We observed in chapter 2 and 3 that ridge regres-
sion is a shrinkage estimator that encourages the variables to be small but
not be to 0, while LASSO sets some of the variables to 0 and selects only
one variable in a group of correlated variables. If p > n, LASSO selects at
most n variables which is a limiting feature of LASSO. Further, for n > p,
performance of LASSO is dominated by the ridge regression estimator.

To elevate these problems, one may use elastic net. There are two kinds
of elastic net, namely, naive elastic net and elastic net. In this chapter, we
study the performance properties of elastic net estimator. We begin with the
location model in the next section.

4.1 Elastic net Subset Selector

In this section, we derive and study the naive elastic net (nEnet) for the
location and regression model and introduce the elastic net (Enet).

4.1.1 Location Model

First, we consider the location model

Y = θ1n + εn, εn ∼ Nn

(
0, σ2In

)
. (4.1)
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Then, the ridge regression estimator of (4.1) form is given by

θ̂ridgen (λ) = arg min
θ
{(Y − θ1n)′ (Y − θ1n) + nθ2} =

Ȳ

1 + λ

=
σ√
n

Z

1 + λ
; Z =

√
nȲ

σ
,

(4.2)

and the LASSO of (4.1) form is written as

θ̂LASSOn (λ) = arg min
θ
{(Y − θ1n)′ (Y − θ1n) + λσ

√
n|θ|}

=
σ√
n

sgnZ (|Z| − λ)+ .
(4.3)

Now, we consider the elastic net estimator

θ̂nEnetn (λ, α)= arg min
θ

[
(Y − θ1n)′ (Y − θ1n) + λ

(√
nασ|θ|+ n

2
(1− α) θ2

)]
=

σ√
n

sgn(Z) (|Z| − λα)+

[1 + λ (1− α)]
. (4.4)

Notice that (4.4) it is a ridge regression type estimator using LASSO. It must
be better than LASSO depending on the values of (λ, α). It is uniformly
better than the ridge regression obtained for α = 0. See the Table 4.1.

Note that from the formula (4.4), we can obtain the forms (4.2) and (4.3),
respectively as follows

If α = 0, =
σ√
n

Z

[1 + λ]
= θ̂ridgen (λ),

if α = 1, =
σ√
n

sgnZ (|Z| − λ)+ = θ̂LASSOn (λ).

The bias and risk of this estimator are given by

Bias
(
θ̂n Enet
n (λ, α)

)
= − σ√

n
[1 + λ(1− α)]−1

[
∆H3

(
λ2α2; ∆2

)
−λα(Φ(λα−∆)− Φ(λα + ∆))]; ∆2 =

nθ2

σ2
,
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R
(
θ̂nEnetn (λ, α); θ

)
=
σ2

n
[1 + λ(1− α)]−2

[ n
σ2
R
(
θ̂S+
n (λ, α); θ

)
+ λ2(1− α)2

∆2 +
2

n
λ(1− α)∆{∆H3

(
λ2α2; ∆2

)
− λα (Φ (λα−∆)− Φ (λα + ∆))}

]
.

The following table and graphs give the efficiency of nEnet and Enet es-
timators.

Table 4.1: Efficiency table for nEnet and Enet: The table is taken from the
book: Rank-Based Methods for Shrinkage and Selection with Application to
Machine Learning, Saleh et al. (2021).
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Figure 4.1: Graphs of Efficiencies: This graph obtains from book: Rank-
Based Methods for Shrinkage and Selection with Application to Machine
Learning, Saleh et al. (2021)

From the Table 4.1, we observe for both of Enet and nEnet that the effi-
ciency decreases as λ-values increase for every α for nEnet. And for Enet the
efficiency decreases as α increases for some λ. However, nEnet does better
than Enet always. For α = 0, nEnet become simple ridge estimator and for
α = 1, it becomes LASSO, with λ as tunning parameter. Note that for α = 1
the penalty function is convex but not strictly convex. Naive elastic net can
be looked at as a two-step procedure: a LASSO-type subset selection fol-
lowed by ridge-type shrinkage. On the other hand, Enet is scaled version of
nEnet, removing ridge-type shrinkage. Hence, all good properties of LASSO
hold for Enet. From the Table 4.1, it is clear that nEnet outperforms Enet
lagging behind, contrary to Zou and Hastie (2005).

4.2 Multiple regression Model and Elastic net

Consider The multiple regression model

Yn×1 = Xn×pβp×1 + εn×1, ε ∼ Np

(
0, σ2In

)
.
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We have two cases to consider : (i) p < n and (ii) p > n. For the
case p < n , we notice that ridge-type estimator dominate over LASSO-type
estimator. This property continues to hold for multiple regression. However,
if p > n, then one may consider Enet with some mathematical procedure.
First, note that we have ridge regression estimator

β̃
ridge

n (λ) = (X ′X + λ∗I)
−1
X ′Y, λ∗ = λ(1− α).

Opposed to the LS estimator, β̃n = (X ′X)−1 X ′Y . For p < n, if X ′X is of
full rank, we may write

β̃
ridge

n (λ) =
(
Ip + λ∗C−1

n

)−1
β̃n, Cn =

1

n
X ′X.

Similarly, the LASSO is given by

β̂
LASSO

n (λ) =

(
sgn(β̃jn)

(
|β̃jn| − λασ

√
cjj
)+
|j = 1, . . . , p

)′
.

To obtain nEnet estimator of β, we have

β̂
nEnet

n (λ)= argmin
{

(Y −Xβ)′ (Y −Xβ)

+λ

[
ασ diag

(
[cjj ]−

1
2 |βj | |j = 1, . . . , p

)
+

1

2
(1− α)β′β

]}
.

Thus, we solve the following equation

[X ′X + λ(1− α)Ip]β = X ′Y − λασ diag
(

[cjj]
1
2 sgn(β̃jn)|j = 1, . . . , p

)′
.

To obtain

β̂
nEnet

n (λ, α) = [Ip + λ(1− α)C−1
n ]−1 β̂

LASSO

n (λα),

where

β̂
LASSO

n (λα) =
(
σ
√
cii[1 + λ (1− α) cjj ]−1 sgn(Zjn) (|Zjn| − λα)+ |j = 1, . . . , p

)′
.

Alternatively, we can define rescaled naive elastic net as Enet given by

β̂
Enet

n (λ, α) = [1 + λ(1− α)]
[
Ip + λ(1− α)C−1

n

]
β̂
LASSO

n (λα). (4.5)
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The rescaled naive elastic net given by (4.5) is called elastic net by Zou and
Hastie(2005).

Using a family of diagonal linear projections, we obtain subset selection as(
β̃
′
1n,0

′
)′
, p1 + p2 = p.

As for nEnet, we obtain shrunken subset selector as( [
Ip1 + λ∗C−1

n11.2

]−1
β̃1n

0

)
,

where Cn11.2 = Cn11 − Cn12C
−1
n22Cn21.

Recalling C =

(
C11 C12

C21 C22

)
. Then, lower bound of the risk is given by

R∗
(
βLASSOn (λα) : β

)
≥ σ2

[
tr
{

(C11.2 + λ(1− α)Ip1)−2 C11.2

}
+ ∆2Chmin(C−1

22.1)
]

where ∆2 = 1
σ2β

′
2Cn22.1β2 and Chmin(A) is the smallest eigenvalue of A. This

result is obtained from Donoho and Johnstone (1994). For the risk expression
of nEnet, we obtain

R
(
β̂
nEnet

n (λ, α);β
)

= σ2
[
tr
{

(C11.2 + λ(1− α)Ip1)−2C11.2

}
+ λ2(1− α)2β′1

[C11.2 + λ(1− α)Ip1 ]−2 β1 + λ2(1− α)2β′2 [C22.1 + λ(1− α)]−2 β2

]
.

4.3 Naive Elastic net and Elastic net

4.3.1 Naive Elastic net (nEnet)

So far we have discussed naive elastic net. This estimator satisfies the prop-
erties raised earlier. Zou and Hastie (2005) say it is not satisfactory unless
α is close to 0 or 1. That why they called it naive.

Note that ridge regression based prediction is accurate through bias-
variance trade off. They found this conclusion due to the orthogonality
assumption for their analysis. In the orthogonal case, we have
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β̃
ridge

n (λ) = (Ip + λIp)
−1β̃n, β̃n is LSE

=
β̃n

1 + λ
. (4.6)

Alternatively, consider the naive elastic net case, the estimator is

β̃
ridge

n (λ, α) = (Ip + λIp)
−1β̂

LASSO

n (λα), (4.7)

where

β̂
LASSO

n (λα) = (
σ√
n

sgn(Zj)(|Zj| − λα)+)|j = 1, . . . , p)′

=
σ√
n

(β̃′1n, 0
′)′,

applying a family of diagonally orthogonal linear projections. Notice that
(4.7) is nothing but a ridge regression estimator of a LASSO estimator which
provides subset selection. Then, we can describe the procedure as: select the
subset, then shrink it by ridge factor to obtain the nEnet. Zou and Hastie
(2005), suggested Enet by rescaling nEnet by the inverse of ridge factor due
to double shrinkage. Looking at (4.6) we find the scaled ridge as

(1 + λ)β̃
ridge

n (λ) = β̃n.

Consider (4.7) and scale it

(Ip + λ(1− α)I)β̂
nEnet

n (λ) = β̂
LASSO

n (λα).

Optimality property of naive elastic net destroyed.

4.3.2 Elastic net (Enet)

We have so far considered nEnet. Zou and Hastie (2005) point out it is not
satisfactory except for the cases α near 0 or 1. That is why it is naive.
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Note that ridge regression based prediction performs well through bias-
covariance trade-off and it is a shrinkage estimator. Let us look at nEnet
expression

β̂
nEnet

n (λ, α) = [Ip + λ (1− α)C−1
n ]−1β̂

LASSO

n (λα),

where

β̂
LASSO

n (λα) = (σ
√
cjj sgn(Zjn) (|Zjn| − λα)+ |j = 1, . . . , p)′.

Notice that

(i) β̂
LASSO

n (λα) selects subsets of variables.
(ii) [Ip + λ (1− α)C−1

n ]
−1

shrinks the variables of the subset selected, which
means there is double shrinkage. Thus, Zou and Hastie defined elastic net

(Enet) by rescaling β̂
nEnet

n (λ, α) as given below:[
Ip + λ (1− α)C−1

n

]
β̂
nEnet

n (λ, α) = β̂
LASSO

n (λα).

We define β̂
Enet

n (λ, α) by

β̂
Enet

n (λ, α) = [1 + λ (1− α)] β̂
nEnet

n (λ, α);

β̂
nEnet

n (λ, α) =
(
β′1n
[
Ip1 + λ(1− α)C−1

11.2

]−1
, β′2
[
Ip2 + λ(1− α)C−1

22.1

]−1
)′
.

The bias and risk of β̂
nEnet

n (λ, α) are given by

Bias
(
β̂
nEnet

n (λ, α)
)

=
(
−λ(1− α)β′1

[
Ip1 + λ(1− α)C−1

11.2

]−1
,−λ(1− α)

β′2
[
Ip2 + λ(1− α)C−1

22.1

]−1
)′
,

R
(
β̂
nEnet

n (λ, α);β
)

= σ2
[
tr
{

(C11.2 + λ(1− α)Ip1)−2C11.2

}
+ λ2(1− α)2β′1

[C11.2 + λ(1− α)Ip1 ]−2 β1 + λ2(1− α)2β′2 [C22.1 + λ(1− α)]−2 β2

]
.

respectively. Thus, we obtain the risk of β̂
Enet

n (λ, α) as

R
(
β̂
Enet

n (λ, α);β
)

= σ2 [1 + λ(1− α)]2R
(
β̂
nEnet

n (λ, α);β
)
.

This estimate does well compared to LASSO and ridge estimators as dis-
cussed by Zou and Hastie (2005).
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Chapter 5

CONCLUSION

This thesis contains the study of three basic penalty estimators, namely, ridge
regression, LASSO and elastic net based on the landmark contributions by
Hoerl and Kennard (1970), Tibshirani (1996), and Zou and Hastie (2005)
respectively. In their paper, mathematical analysis is based on Stein-type
estimators. Later, Saleh and Sen (1978 - 1986) introduced preliminary test
estimator in the class of shrinkage estimators using rank-based statistics.
Saleh (2006) defines them as quasi-empirical Bayes statistics and introduced
one-dimensional Stein-type estimator. To describe it, let βjn be the jth re-
gression parameter and β̃jn is the least-squares estimator. Then, we obtain
the following shrinkage estimators

1) β̂PTjn = β̃jn I
(
|β̃jn| > λσ

√
cjj
)

,

2) β̂Sjn = β̃jn

(
1− λσ

√
cjj

|β̃jn|

)
= β̃jn − λσ

√
cjj sgn

(
β̃jn

)
,

3) β̂S+
jn = β̃jn

(
1− λσ

√
cjj

|β̃jn|

)
I
(
|β̃jn| > λσ

√
cjj
)

.

Note that PTE is a discrete process giving 0 or β̃jn nothing in between.

β̂Sjn changes sign like James-Stein estimator. β̂S+
jn results in correcting β̂Sjn and

uniformly superior to β̂S+
jn . The formula β̂S+

jn = sgn(β̃jn)
(
|β̃jn| − λσ

√
cjj
)+

is the traditional form of LASSO in the literature proposed by Tibshirani
(1996). We defined β̂S+

jn as positive-rule Saleh-type estimator and β̃Sjn as
Saleh-type estimator.
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Further, we find the risk expressions as

1)R
(
β̂PTjn ; βj

)
= σ2cjj

[
1−H3

(
λ2,∆2

j

)
+ ∆2

j

(
2H3

(
λ2,∆2

j

)
−H5

(
λ2,∆2

j

))]
,

2) R
(
β̂Sjn; βj

)
= σ2cjj

[
1− 2

π
(2 exp−

∆2
j

2 −1)

]
, λopt =

√
2
π
,

3)R
(
β̂S+
jn ; βj

)
= σ2cjj

[
1−H3

(
λ2,∆2

j

)
+ ∆2

j

(
2 H3

(
λ2,∆2

j

)
−H5

(
λ2,∆2

j

))]
+λ2

(
1−H1

(
λ2,∆2

j

))
− 2 λ (φ(λ−∆j) + φ(λ+ ∆j))

= R
(
β̂PTjn ; βj

)
+
[
λ2
(
1−H1

(
λ2,∆2

j

))
− 2 λ (φ(λ−∆j) + φ(λ+ ∆j))

]
,

where Hγ(λ
2; ∆2

j) is the cdf of a non-central chi-square distribution

with γ D.F. and non-centrality parameter
∆2
j

2
. Similar result is available

using cdf / pdf of N(0, 1).

Next, in our study, we found that the naive elastic net for regression
model is given by

β̂
nEnet

n (λ, α) =
[
Ip + λ(1− α)C−1

]−1
β̂
LASSO

n (λα), 0 < α < 1,

where

β̂
LASSO

n (λα) =
(
β̂
LASSO

n (λα)|j = 1, . . . , p
)

and [Ip + λ(1− α)C−1]
−1

is the ridge factor in ridge regression.

We now state the findings of Tibshirani (1996) as follows:
(a) Ridge regression is a shrinkage estimator only, it does not select subset.
If there are large number of small effects, ridge regression does best by a
good margin, follows by LASSO and then by Preliminary test selector.
(b) LASSO does estimate and select subset simultaneously. It does best with
LASSO when small to moderate number of moderate-size effects, followed by
ridge regression, the preliminary test selectors.
(c) Preliminary test selector does best for small number of large effects,
LASSO not so well and ridge regression quite poorly. As observed by Zou
and Hasti (2005).
(d) For usual n > p, if there are high correlations between predictors, as by
Tibshirani (1996), LASSO is dominated by ridge regression.
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(e) In case of p > n (high - dimension), LASSO selects at most n variables,
LASSO is not well defined unless the bound on L1-norm of the coefficients
is smaller than a certain value.
(f) If there is a group of variables among which the pairwise correlations
are very high. LASSO tends to select one variable from each group without
caring which one it is.

In the thesis, we tried to put together all aspects of ridge, LASSO, and
elastic net - penalty estimators in relation to the comments (a)-(e).

We expressed the naive elastic net solutions

β̂
nEnet

n (λ, α) = [1 + λ(1− α)C−1]−1β̂
LASSO

n (λα), 0 < α < 1

=

(
[Ip1 + λ(1− α)C−1

11.2]−1β̃1n

0

)
,

where β̃1n is p1-vector of LSE and [Ip1 + λ(1 − α)C−1
11.2]β̃1n is the ridge re-

gression estimator which is an improved estimator than β̃1n and nEnet
improves over Enet using efficiency criterion.

We obtain ridge regression using partial penalty function kβ′2β2 which
may useful for high dimensional estimation (p > n).
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